The dynamical equations for a gliding Lagrange top are not integrable. They have 5 dynamical variables and admit one integral of motion. We show that all solutions go to one of the two vertical spinning solutions and determine conditions of their stability. This means that solutions starting close to either of the spinning solutions go asymptotically to this solution.
Equations of motion for the gliding Lagrange top
We study motion of a spinning and gliding Lagrange top (gLT) of mass m under action of the gravitational force −mgẑ and subjected to a constraint allowing the bottom tip A to glide in a horizontal plane of support. The top may spin above the plane, under the plane and may cross the plane during its motion. Equations for the gliding Lagrange top have been studied in [4] as a limiting case of equations for the Tippe Top. For describing motion of the top we use three right-handed reference frames as in Fig 1 1 . Here K 0 is an inertial frame, K = (1,2,3) is a (partialy) body fixed frame with origin placed at the centre of mass (CM) and having the axis3 aligned along the symmetry axis of the top. The frameK = (x,ŷ,ẑ) has origin at the contact point A and withx,ŷ aligned with the plane of constraint. Thex-axis stays in the vertical plane of (1, 3) and the axis2 is parallel toŷ. This means thatK is rotating about the vertical axisẑ with angular velocityφ where (θ, ϕ, ψ) denote the standard Euler angles describing rotation of the top w.r.t. the inertial reference frame K 0 . We let ω be the angular velocity vector in the K-frame and L = Iω = I 1 ω 11 + I 1 ω 22 + I 3 ω 33 is the angular momentum (due to axial symmetry, we have I 1 = I 2 for the moments of inertia). The equations of motion for gLT consist of an equation for the motion of the centre of mass CM, an equation for rotation about CM and, due to axial symmetry, of one kinematic equation for motion of the symmetry axis3. They are
where the dot denotes time-derivative, s is the position of CM w.r.t. the inertial frame K 0 , a = −l3 points from CM to the point of support A, −mgẑ is the gravitational force acting at CM and F = F f + F R = −µg n (t)v A + g n (t)ẑ is the force acting at A. This last force consist of a reaction force F R = g n (t)ẑ and a frictional force F f = −µg n (t)v A acting against the direction of the gliding velocity v A =ṡ + ω × a. The friction coefficient µ(s,ṡ, L,3, t) > 0 may depend on all dynamical variables and time.
For the classical Lagrange top (LT), for which A is fixed, v A = 0,ṡ = −ω × a and equations of motion are usually given for the angular momentum w.r.t.
The constraint keeping the tip A in the plane means that (s(t) + a(t)) ·ẑ = 0 and that the gliding velocity stays in the plane of support, i.e. 0 = (ṡ + ω × a) ·ẑ = v A ·ẑ. The second derivative of the constraint 0 =ẑ ·
If we denote s = (r, sẑ) then sẑ = l3 ·ẑ,ṡẑ = l3 ·ẑ = l(ω ×3) ·ẑ are determined and the equation ms = F − mgẑ is reduced to mr = −µg n (t)v A .
The total energy E = 1 2 mṡ 2 + 1 2 ω · L + mgs ·ẑ is not conserved but it is a monotonously decreasing function of time sincė
when we consider mechanical solutions with a positive reaction force. The projection of L A and L onto theẑ-axis is no longer an integral of motion as
The system (1) thus admits only one integral of motion, it dissipates energy and it is not integrable.
Equations in Euler angles
As has been stated, the orientation of the gLT with respect to K is described by the three angles (θ, ϕ, ψ), which are functions of time. The angle θ is the inclination of the symmetry axis3 w.r.t.ẑ, ϕ is the rotation angle around thê z-axis and ψ is the rotation around the3-axis. The angular velocity of the reference frame (1,2,3) with respect to K is
The total angular velocity of the gLT is found by adding the rotation around the symmetry axis3:
We shall refer to the third component of this vector as ω 3 =ψ +φ cos θ. The kinematic equations giving the rotation of the axes (1,2,3) will then bė
In this notation we can rewrite the reduced equations of motion
using the Euler angles. We only need to add that the vertical axis is written asẑ = − sin θ1 + cos θ3 and that the velocity of the point of support is then 
The equation for g n (2) becomes
The equationω 3 = 0 says that
The energy for the gliding LT is
Its derivative givesĖ = F · v A when we use equations (3)-(7) and the second derivative g n m − g + l(θ sin θ +θ 2 cos θ) = 0 of the contact criterion.
Asymptotic solutions to gliding Lagrange top
The dynamical system of equations (3)- (7) is nonintegrable and the only solutions that can be directly seen by inspection are y 0,π = (θ = 0, π;θ = 0,φ = const, ω 3 = const, ν x = 0, ν y = 0). These solutions are, as we shall show below, asymptotic solutions to gLT in the sense of the LaSalle theorem.
For an autonomous system in a domain 
From the constraint (s − l3) ·ẑ = 0 we have −l ≤ s ·ẑ ≤ l and the energy is bounded from above and from below. To ensure applicability of the LaSalle arguments we shall need to assume that we consider solutions with nonnegative reaction force g nẑ ≥ 0. This is important because, for smallφ, ν x , small angles θ and sufficiently largeθ, the numerator in formula (2) for g n can become negative gI 1 − l(I 1 cos θ(θ 2 +φ 2 sin 2 θ) − I 3 ω 3φ sin 2 θ) < 0. The assumption is also necessary since solutions with initially positive g n (0) ≥ 0 may, in principle, acquire negative values of g n (t) at some later time.
Lemma 1. When g n (t) > 0 the only asymptotic solutions of the gLT equations (1)
with v A = 0 are the upright and the upside-down spinning solutions
Proof. Asymptotic solutions v
When written in Euler angles, equations (9) turns into three equations of motion (10)- (12) and two constraint equations (13), (14):
where g n is g n = mgI 1 − ml I 1 (cos θ(θ 2 +φ 2 sin 2 θ) − I 3 ω 3φ sin 2 θ)
We substitute the equations of motion into the constraint equations to get the following conditions:
These conditions determine the admissible types of solutions to the system (9). We show that the constraints imply that sin θ = 0. The equations above hold if any factor is equal to zero. Suppose ω 3 = 0 in (16). Then either sin θ = 0 in (15) or
where g n = mgI 1 − ml I 1 cos θ(θ 2 +φ 2 sin 2 θ)
We can see that (θ 2 +φ 2 sin 2 θ) cos 2 θ is constant since its derivative is:
Call this constant C. If we use this constant in the equations above we get
By eliminating g n we get a polynomial equation with real coefficients for the unknown cos θ:
It has at least one real solution. Thus cos θ is constant andθ = 0. If ω 3 = 0 then by (16) againθ = 0. For solutions to (10)-(12) with the constraints (15) and (16) we have found that θ is constant. We now show that the only solutions allowed by this system are the upright and inverted spinning gLT, solutions such that θ = 0 or θ = π. Suppose that θ ∈ (0, π) (so sin θ = 0). The first constraint equation (15) gives
We have from equation (10) thatφ = 0, so thatφ is constant. From equation (11) we get I 3 ω 3φ − I 1φ 2 cos θ = lg n , and together with (17) we obtain I 1φ 2 = 0. Soφ = 0. But this means in equation (11) that g n sin θ = 0 which contradicts the assumption sin θ = 0. We conclude that for the asymptotic solutions to the gliding LT system we have either θ = 0 or θ = π. For these solutions we have g n = mg. Proof. Assume thatỹ(t) is a solution of the gLT equations (1) such that g n (ỹ) = 0 and derive a contradiction. If g n = 0 in this system we have that L is constant and that the numerator in the formula (2) for g n vanishes:
If L = 0 then the equation reads gI 2 1 l = 0, which is clearly false. If L = 0 then 3ẑ is constant and we can find the other components of3 from
Either Lx and Lŷ are both zero or both nonzero. In the first case we get L = L ·ẑ3ẑ, which means for (18) that gI 2 1 l = 0, which is a contradiction. If Lx = 0 and Lŷ = 0 we can solve the system above, which means that3 is constant. But then we can write L = L33 and we find again for (18) the contradiction gI 2 1 l = 0. Since we cannot find any solutionsỹ(t) to the system (1) such that g n (ỹ(t)) = 0 and M is the invariant manifold of solutions to this system such that v A = 0, the set M is the largest invariant set in Ω.
With this lemma we can give a proof of the asymptotic behaviour of trajectories of the gLT system. 
Proof. We considerỹ(t) such that g n (t) ≥ 0, t ≥ 0 and let L + y be its positive limit set, i.e. the set of all limit points ofỹ(t) for sequences {t m } such that t m → ∞ as m → ∞. As we have already mentioned, E(ỹ(t)) is a decreasing function of t, soỹ(t) is contained in the compact set Ω = {ỹ(t) ∈ D :
The function E(ỹ(t)) has a limit a as t → ∞ since E(ỹ(t)) is continuous on the compact set Ω. One can show that sinceỹ(t) is bounded on the compact set Ω the positive limit set L + y is nonempty, compact and invariant (see [2] , appendix), so if p ∈ L The statement of this proposition reflects the mechanical understanding that when t → ∞ the energy decreases the gliding velocity v A → 0 and the asymptotic solution is one of the stationary solutions of the classical LT. It remains to investigate the relative stability of these asymptotic solutions. The energy of the gliding HST can be rewritten as a sum of two terms: 
The first function vanishes for the asymptotic solutions (since then v A → 0 andθ = 0) the second function goes to
